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Standing localized cluster in a continuum traffic model
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We study the emergence of standing localized cluster in a continuum traffic model. The local-density profile,
local velocity profile, and the phase boundary are obtained. The effect of the on ramp is discussed. The
indication of the boundary induced phase transition is also discussed.
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I. INTRODUCTION 7=0.5 min,

The complex behavior of highway traffic near an on ramp Co=54 km/h,
has been attracting research interests recéhtif]. Besides
the well-known free flow and traffic jams, a new phase is n=600 vehicles km/h,
identified and named synchronized flo&—7]. The current
theoretical research of the traffic flow is then focused on the 1-plpo
characteristics of this new phase and the related hysterestic V(p)=Vo—""—", (©)

1+100Q(p/po)

phase transitiong8—12]. Recent study proposed the possibil-
ity that instead of a single dynamical phase, this new phasﬁ/here Vo=120 km/h andp,=140 vehicles/km are the
may be a qollection of multiple th?‘ses realized u.nder diﬁ.er'maximur?] values for velocitgl and density, respectively. In
ngfggg{&ﬁgﬁ:ﬁrﬁ Tr:oe dglreslgtlgfnrg %Zarﬁg g;at%??h:s ége stationary case, the safe velocity is achieved in a homo-
have also been identified from the embirical deitsa—17. geneous flow and the flug(x,t)=p(x,t)u(x,t) becomes
Among the various phases, the phase of standing IOCaf,:onstant. With the above parameters, the maximum flux that

ized clusteSLC) is the most intriguing one and will be the ia234%e a;h:ev/e;j Illn the h(:rr]nogheneous flow (]]l%ax )

focus of this paper. Far away from the ramp. a well-formed C iR i Ko e Targer than  critcal value of
jam always propagates upstream, while near an on ramp, a . S 9 . .
localized cluster is observed to stay motionless. This distinde~ 2220 Vvehicles/h, which is revealed by the finear stabil-

guishing feature invites the name standing localized cluster?y anaIyS|s[18_]. Numerical works also fm_d that the homo-
which is also known as pinned localized cluster. In the fol_geneous flow is stable to large perturbations only when the

: : flux is less than another critical value ofqg
lowing paper, we study the emergence of SLC in a con-_ . S b
tinuum model. In Sec. Il, we study the density profile and the 2060 vehicles/h. Wherg>g,, traffic jams begin to

velocity profile. In Sec. lll, we study the phase boundary.em_e.rge and well-formed clusters moving with constant ve-
Discussions with a conclusion are in Sec. IV. locities are ob;erved. Thus, meq.b’ the homogeneous
flow (free flow) is the only stable traffic state. Fqe>q., the
moving cluster(traffic jam) becomes the only stable traffic
IIl. DENSITY PROFILE state. Forg,<q<d., both the homogeneous flow and the
In the continuum model of traffic flow, a hydrodynamic moving cluster are stable. The transition between these two

analogy is prescribed to the local densifx,t) and the local states can be induced by external perturbations. It is interest-
velocity v(x,t). The system is governed by the continuity " t0 note that the analytical expressionsdgy,,andq. are

equation and the Navier-Stokes equation written in the folWell known. However, to our knowledge, an analytical ex-
lowing form pression forqy, is still desired. _ _
With the on ramp, a source term should be included in the
continuity equation,
ap 0
ot T ax (P0)=0, 1) ap

a O ()= Q) @
at X rmp '

dv v\ p ,dp v whered;,, denotes the incoming flux through the on ramp
EJ”’Q = ;[V(P)_U]_Cogﬂuy’ @  and ¢(x) represents the spatial distribution of the flux. As

the distribution ¢(x) is localized at the ramp, a simple
Gaussian is adopted,

whereV(p) is the safe velocity and, ¢y and u are con-

stants related to the effects of relaxation, anticipation, and 1 2
intrinsic dampening, respectivel{t8—20. In this paper, the H(X)= e p( _ _) ' (5)
following parameters are adoptgti3)], V2T o 20°

1063-651X/2001/6%)/0561065)/$20.00 63 056106-1 ©2001 The American Physical Society



MING-CHIH CHOU AND DING-WEI HUANG PHYSICAL REVIEW E 63 056106

80 T T T T T 80 T T T
(a) = 3 (a) o Q= 1750
z o ¢ = 60 - X q,,=1800 |
p < o q,=1850
w0
T 40 < 40
= =
g g
o 20§ . 20g
0 0 | | | | | | |
4 3 2 0 1 2 3 4
X (km)
120 120
100f 100 #
. 80 80
S S
5 60 E 60
> 40 > 40
20f 200 () o q,-1850
0 | | | | | | | 0 | | | | | | 1
4 3 2 -1 0 1 2 3 4 4 3 2 1 0 1 2 3 4
x (km) X (km)
FIG. 1. (@) Density profile p(x) at q,,=1800 vehicles/h for FIG. 2. (a) Density profilep(x) at gym,=260 vehicles/h for

various values of|;m; 220<q,,p,<<280 vehicles/h. Solid lines are various values ofjyp; 1750<q,,<1850 vehicles/h. Solid lines are
the results from Eq(7). (b) The same as irfa) for the velocity  the results from Eq(7). (b) The same as ifa) for the velocity
profile v (x). profile v (x).

_ profile. A small bump located at=0 is observed in the
whereo denotes the length of the on ramp. In this paper, Wejensity profile. In contrast, only a change of the slopa at
perform extensive numerical simulations over a system of 60=0 is observed in the velocity profile. The profiles are inde-
km highway with an on ramp otr=60 m right in the pendent of the parametet, except the small bump presented
middle (position x=0). The controlled parameters are the atx=0 of the density profile. As- decreases, with fixedyp
on-ramp fluxq,,, and the upstream fluy, , at the boundary, andg;,,,, the bump becomes more abrupt.

i.e., 30 km upstream from the ramp. The system is prepared With the discontinuity located exactly on the position of
to start with a stationary state. Except for a small transitiorthe on ramp, vehicles are clustered further upstream. The
layer near the ramp, homogeneous flow is observed in bot8BLC state with vehicles jammed at the on ramp or down-
upstream and downstream. A finite perturbation is then instream has never be observed. At a fixed upstream flux, the
troduced, which is a short pulse of traffic jam either throughjammed cluster shifts toward upstream linearly with the in-
the ramp or from the downstream. A transition to a SLC staterease of the on-ramp flux. Except for this obvious shift of
can then be triggered. the location, the detailed shape of the profile is independent
The SLC state can only be observed whign andq,m,  of the on-ramp flux. After a shift along theaxis, the up-
have a sum around the valueaf. For a fixed value ofj,,  stream profiles are scaled with the varying of the on-ramp
(drmp), the SLC state exists only within a small range of flux. In contrast, in the case of fixed on-ramp flux, the scal-
drmp (dup)- When the flux is too small, the cluster is unstableing of the upstream profile can no longer be observed. The
and disappears after a short time. When the flux is too largdinear dependence of the profile shifting with the upstream
the cluster is stable but not stationary. It moves to the upflux increasing can still be observed. However, the amplitude
stream or oscillates around the ramp depending on the valugecreases as the profile shifts toward upstream.
of the flux. For example, a4,,=1800 vehicles/h, we have A detailed description of the stationary solution can be
220<q;mp<<280 vehicles/h; atq,,,=260 vehicles/h, we obtained by first imposing the constrairits/ 9t = dv/dt=0.
have 1756q,,<1850 vehicles/h. The typical behaviors of As the on ramp only constitutes a very small part of the
density and velocity profiles are shown in Figs. 1 and 2. Théhighway, it is convenient to assume a localized limit of the
on-ramp flux introduces a discontinuitst x=0) to the oth-  spatial distributiong(x) = 8(x). The fluxg(x)=p(x) v(X)
erwise smooth profile. The discontinuity is much morebecomes constant but assumes different valuex4d® and
abrupt presented in the density profile than in the velocityx>0,
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(6

Qup for x<0, 2100 - — R
- qup+ qrmp for x>0.
The equation of motion in Eq2) can be rewritten as 2000
cs ,
+ EQrmpﬁ (x).
(7)

The problem can be reformulated as finding separate solu
tions in two semi-infinite regionss<0 andx>0, with the
appropriate matching conditions xat 0 [13],

d’ q

Jv_ 4 v
dxé m

1900

1800

Qyp (vehicles/h)

v(0")=v(07), 1700
d 0")= d 07)+ % 8
ax0(07) =g v(0) 20(0) Jrme- (8
The stationary local velocity (x) is prescribed to be con-
tinuous with a change of slope at0. The stationary local
density then develops a discontinuity af,,/v(0) atx=0. 1500 - w ‘ R— w ‘ L
The solution in each semi-infinite region can be obtained by 0 100 200 300 400 500
analyzing the flow in the phase spaeeW) defined as Qpmyp (vehicles/h)

1600

dv FIG. 3. Phase diagram of SLC in the,(,,q,m) plane. The data
&:W’ are the numerical results. Dashed lines are the naive expectation in
Eqg. (11). Shaded area are the results from Ef). Solid lines are

2 the results after imposing the constraints in E).

Co

dw ¢
=— w
02

X )

pinned at the ramp. The downstream flux must be large
i ) ) enough to support the traffic jams, while the upstream flux
Forq<dmax, there are two fixed pointe,(0) determined by  myst be small enough to discourage the jams. Except near

the ramp, the SLC state is basically a homogeneous flow;
=p. (100  thus the downstream flux cannot be too large. The phase
boundary is then obtained as follows:

The fixed point with the larger velocity is a saddle point; the

one with the smaller velocity is an attractor. The saddle point Gb=CGup™* Armp=e»
corresponds to the homogeneous flow in the initial condi-
tions, which is unstable to perturbations. The desired solu- Qup=0p- 1D

tion can be obtained by finding a trajectory started from a )

saddle point withg=q,,,, turned around by the attractor, and Howe\_/er, the nulmerlcal results do not support such an ex-
returned to a saddle point with= g+ G;mp. With this tra- pectation, see Fig. 3. Most of the SLC state has been ob-
jectory, the velocity profilev(x) can be easily converted. Served outside of the expected region. _ _
Then the density profile can be obtained ) = q/v(X). The approach_of the last section also pred|cts a domain
The numerical results can be well described, see Figs. 1 arfd® 1arge, see Fig. 3. However, the predicted region does
2. The scaling behavior presented in Fig. 1 becomes obvioy8clude all the numerically observed SLC states. Thus the
as the flow in the phase space, ) follows the same tra- solutions from Eq_(?) can be taken as sufficient, though not
jectory at a fixedq,,. As g increases, the saddle point and N€cessary, conditions of SLC. Furthermoreggsanddmp

the attractor move toward each other. The turnaround poirifiéase, the onset of SLC can be correctly described. In the
shifts to a larger velocity. This results in the decreasing amMiddle range ofdy, or grmp, 1750<q,,<1870 vehicles/h,

plitudes observed in Fig. 2. or 250<q,mp<310 vehicles/h, the offset of SLC can also be
described correctly. Within the above flux range, the numeri-
IIl. PHASE BOUNDARY cal results can be fully reproduced by the solutions of Eq.

(7). Outside this flux range, further constraints are required
From the study of homogeneous highways without rampfo reproduce the observed phase boundaries.
the phase boundary of SLC can be naively deduced. As a When ¢;,,<<250 or ¢;y,>310 vehicles/h, SLC exists
stable traffic jam always moves backward, the SLC state isnly for a very limited range ofj,,. The solution of Eq(7)
often considered as a jam developed in downstream, movingan be obtained for quite a wide rangeqyf,, even beyond
through the ramp, and forbidden to exist in upstream, thushe limit set by the naive expectation in Ed.1). The solu-
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tion exists but is unstable, thus such a solution cannot be
found numerically. Other stable states will become predomi-
nant. The correct boundaries of SLC can be reproduced by

further introducing a constraint on the matching velocity g
v(0) at the ramp. In the middle range qfy,,, where the §
boundaries of SLC can be correctly predicted, the matching-&
velocity v(0) is limited to the following range: g
=3
32<v(0)<47 km/h. (12 =
Whenq,n, is small, a solution with a much larger(0) 0 ' ' ' ' ' ' ‘
can be found. The matching velocity is inversely propor- 43 2 H 0 1 2 3 4
tional to the discontinuity of the density at the ramp. When x (km)

v(0) is too large, the developed discontinuity is not enough
to pin down the cluster. The cluster becomes oscillating back 120 . . . . . .
and forth around the ramp, which is a different phase known
as the recurring hump state. The correct boundary of SLC !0 2
can be obtained by imposing a constraint on the upper limit
of v(0), seeFig. 3. It is interesting to observe that this upper =
limit is the same as in Eq12), i.e.,v(0)<47 km/h.

On the contrary, whem,,,, is large, a solution with a
much smaller (0) can be found. When(0) is too small,
the jump of the density over the ramp is too large and the

80

60

v (km/

40

SLC state becomes unstable. The cluster oscillates aroun  2°[ (b) i

the ramp with an increasing amplitude, which becomes an- 0 ! ! ! L L ! !

other different phase known as the oscillating congested traf: -4 -3 -2 -1 0 1 2 3 4
fic state. Again, the correct boundary of SLC can be obtainec x (km)

by imposing a constraint on the lower limit 0{0), seeFig. . ]

3. We notice that this lower limit is the same as in Etp), FIG. 4. (@ Density profile p(x) at Qimp=5 and qyp

i.e.,v(0)>32 km/h. The correct phase boundaries can ther 2055 vehicles/h. The circle symbols are the SLC pinned at the

be obtained by enforcing the condition in EG2) over the ramp; the cross symbols are the SLC appeared in downstream,
solutions from Eq(7) which have be shifted to a position near the ramp for comparison.

Solid lines are the results from E(7). (b) The same as iffa) for
the velocity profilev(x).
IV. DISCUSSIONS

In this paper, we study the standing localized cluster statés very sensitive to the details of the external perturbation. It
within a continuum traffic model. We study the density pro-can appear anywhere along the highway. In the system with
file, velocity profile, and the phase boundaries. The localize@n on ramp, the SLC state can be observed with very small
cluster is not standing right at the ramp, but slightly away toon-ramp flux. The only requirement is thaf,,~(dqp
the upstream. Both the density and velocity profiles are—q.yp), See Fig. 3. The SLC states in systems without and
mainly determined by the upstream flux. A scaling relation iswith ramp are closely related. With a small on-ramp flux, the
observed. The discontinuity of local density locates right alocalized cluster can be easily pinned at the ramp. The typi-
the ramp, while only a change of slope can be observed inal results are shown in Fig. 4. With,,,=5 and q,,
the local velocity. The numerical results can be well repro-=2055 vehicles/h, a localized cluster is pinned at the ramp.
duced by the analysis using a delta function and appropriatAs the on-ramp flux is small, the developed discontinuity in
matching conditions at the ramp. The phase boundaries ithe density profile is not easy to discern. The effect of the
the middle range of the on-ramp flux can also be correcthon-ramp is revealed in the observation that the localized
reproduced. The phase boundaries in the whole flux rangeluster has a fixed position. With a slightly different pertur-
can be obtained by further imposing a constraint on thédation, the SLC has the same profile and the same position.
matching velocity, which is observed automatically in theln contrast, when a perturbation is introduced in the down-
middle range of the on-ramp flux. stream, another SLC can be triggered to emerge at a position

The SLC state is often described as a characteristic of thiar away from the ramp. In this case, the downstream is
on-ramp effect. Some conjectures even set a minimum to thieasically a homogeneous system witk- 2060 vehicles/h.
required on-ramp flux. However, we would like to point out With a slightly different perturbation, the SLC has the same
that the SLC state can also exist on a highway without rampprofile but does not always appear in the same position.
With Egs.(1) and(2), an interesting solution of SLC can be These two states have almost the same profile, see Fig. 4,
obtained ag=qy,. As it exists only at a unique value of the and both can be described by the results in &y. With a
flux, this solution is often left unobserved in numerical study.ramp, a unique matching point is obtained; thus the position
In this solution, the location of the standing localized clusterof the localized cluster is uniquely determined. Without a
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ramp, the matching point is not unique. In fact, the two tra-than such expectation. Witly,,+q,m,<d,, the down-
jectories are coincident and the whole trajectory can be thetream flux is not large er_10ugh to support the fprmation of
matching point. The position of the localized cluster is thentraffic jams. The free flow is the only stable solution in both
left undetermined. With an on ramp, SLC can exist for aupstream and downstream. The density and velocity profiles
wider range of flux, but it can only appear near the rampShould be homogeneous except near the boundary. The suc-
Without a ramp, SLC exists only for a unique value of the ¢€SS Of the matching conditions at the ramp, in reproducing
flux. but it can é ear anvwhere. We note that SLC in thethe profiles and phase boundaries, also indicates the SLC

! . PP yw L . . ... State can be taken as a boundary effect. In some cases, the
system without a ramp can also provide a precise definitio

v Ii’rajectory of the downstream branch in the,\W) plane is
of the critical fluxqy . - . ~ divergent beyond the matching point. Such a solution cannot
The naive expectation from the study of highway withoutpe realized without a boundary. Though we place the on
a ramp sets a lower limit of flux to observe the SLC, i.e.,ramp right in the middle of the system configuration, the
QupT drmp=>dp - Within this limit, the SLC state can only be effect of the ramp is to provide a nontrivial boundary to the
observed in the middle range of flux, i.e., aroung, homogeneous solution. The transition to the SLC state
=1850 andq,m,=250 vehicles/h. However, our paper re- can be taken as an example of the boundary induced phase
veals that most of the SLC state is observed with flux lowetransition.
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